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Pricing Kernel

define the pricing kernel Qt:

Pt(Xt+k) = Et [Xt+k(Qt+k/Qt)]

the stochastic discount factor is:

Mt+1 = Qt+1/Qt

we know that Qt satisfies:

Et [(Qt+1/Qt)Rt+1] = 1

also define the gross one-period holding return on a claim to the
numeraire:

Rt+1,k = Pt+1(1t+k)/Pt(1t+k)

Alvarez and Jermann
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Permanent Shocks to Pricing Kernel and Term Premium

CCAPM

Qt measures the marginal utility of wealth:

Qt = βtU′(Ct) = βtC
−γ
t

asset prices (bond prices) are informative about the marginal
utility of wealth

we will try to learn about the persistence of the marginal utility of
wealth from the properties of bond returns
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Permanent Innovations

Definition

The pricing kernel has no permanent innovations iff:

limk→∞Et log
Et+1[Qt+k]

Et[Qt+k]
= 0

This is equivalent to

limk→∞

Et+1[Qt+k]

Et[Qt+k]
= 1
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Permanent Shocks to Pricing Kernel and Term Premium

Term Premium

define the term premium as:

ht(k) = Et log
Rt+1,k

Rt+1,1

Result

If a pricing kernel has no permanent innovations, then

ht(∞) = lim
k→∞

Et log
Rt+1,k

Rt+1,1
≥ Et log

Rt+1

Rt+1,1

for any asset return Rt+1
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Term Premium

the holding period return on a k − period discount bond:

Rt+1,k = Pt+1(1t+k)/Pt(1t+k) =
Qt

Qt+1

Et+1(Qt+k)

Et(Qt+k)

the pricing kernel has no permanent innovations iff:

limk→∞

Et+1[Qt+k]

Et[Qt+k]
= 1

hence, if there are no permanent innovations, then:

Rt+1,∞ =
Qt

Qt+1

the return on the bond with longest maturity equals the SDF
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Permanent Shocks to Pricing Kernel and Term Premium

Term Premium Implications

for any return Rt+1 that satisfies Et(
Qt+1

Qt
Rt+1) = 1, we know that

Et log(
Qt+1

Qt
Rt+1) ≤ log Et(

Qt+1

Qt
Rt+1) = log 1 = 0

which implies that:

Et log Rt+1 ≤ Et log
Qt

Qt+1

with equality if

Rt+1 =
Qt

Qt+1

the return on a long run zero coupon bond is the highest
attainable
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Permanent Shocks to Pricing Kernel and Term Premium Covariance stationary Pricing Kernel

Term Premium Example

suppose we have a covariance stationary pricing kernel with
normal innovations

Qt = β(t) exp

(

∞

∑
j=0

αjǫt−j

)

this kernel satisfies the no permanent innovations condition
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Term Premium Example

suppose we have a covariance stationary pricing kernel with
normal innovations

Qt = β(t) exp

(

∞

∑
j=0

αjǫt−j

)

this kernel satisfies the no permanent innovations condition

Et[Qt+k] = β(t)Et exp

(

∞

∑
j=0

αjǫt−j+k

)

= β(t) exp

(

k−1

∑
j=0

α2
j σ2

)

+ β(t) exp

(

∞

∑
k

αjǫt−j

)
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Permanent Shocks to Pricing Kernel and Term Premium Covariance stationary Pricing Kernel

Term Premium Example

as a result, we know that:

log
Et+1[Qt+k]

Et[Qt+k]
= −1

2
α2

k−1σ2

the r.h.s. converges to zero as k → ∞ since the variance is finite
and independent of time

this implies that there are no permanent shocks to the pricing
kernel:

lim
k→∞

log
Et+1[Qt+k]

Et[Qt+k]
= − lim

k→∞

1

2
α2

k−1σ2 = 0
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Term Premium

models without permanent innovations will produce large term
risk premia:

E [ht(∞)] = E[Qt+1/Qt] =
σ2

2
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Permanent Shocks to Pricing Kernel and Term Premium Covariance stationary Pricing Kernel

Permanent Component

Definition

We can decompose any pricing kernel into a temporary and a
permanent component:

Qt = QT
t QP

t

where QT satisfies:

Lustig (UCLA) 239c: SDF January 2008 16 / 51



Variance Bounds

let J(x) = log Ext+1 − E log xt+1: e.g. for lognormal case,
J(x) = .5var(log(x))

Result

The conditional volatility of the pricing kernel satisfies:

Jt(QP
t+1/QP

t ) ≥ Et log
Rt+1

Rt+1,1
− ht(∞)

for any return Rt+1. Under regularity conditions, the unconditional volatility
of the permanent component satisfies:

J(QP
t+1/QP

t )

J(QT
t+1/QT

t )
≥

E log Rt+1

Rt+1,1
− E[ht(∞)]

E log Rt+1

Rt+1,1
+ J(1/Rt+1,1)
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Permanent Shocks to Pricing Kernel and Term Premium Covariance stationary Pricing Kernel

Variance Bounds

the lower bound on the size of the permanent component is about
75-100%
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Permanent Shocks to Pricing Kernel and Term Premium CCAPM Examples

CCAPM with i.i.d. growth rates

Result

Consider an investor with CRRA utility over non-durable consumption Ct.
Suppose (Ct/Ct−1) is i.i.d. Then the pricing kernel has only permanent
shocks. Interest rates are constant which means J(1/Rt+1,1) = 0. The term
premium is zero:

log
Rt+1,k

Rt+1,1
= 0
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CCAPM with i.i.d. growth rates

Result

Consider an investor with CRRA utility over non-durable consumption Ct.
Suppose Ct is i.i.d. Then the pricing kernel has only temporary shocks.
Interest rates are not constant:

Rt+1,1 = β−1 U′(Ct)

E[U′(Ct+1)]

Rt+1,k = β−1 U′(Ct)

[U′(Ct+1)]
=

Qt

Qt+1
, for k ≥ 2
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Permanent Shocks to Pricing Kernel and Term Premium CCAPM Examples

Implications

from no-arbitrage conditions:

Et[
Qt+1

Qt
Rt+1] = 1

for any Rt+1

this implies that

0 = log Et[
Qt+1

Qt
Rt+1] ≥ Et log[

Qt+1

Qt
Rt+1]

this in turn implies that:

Et log[
Qt

Qt+1
] ≥ Et log[Rt+1]

with equality if Qt

Qt+1
and [Rt+1] are proportional
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Implications

recall that the long bond return for k ≥ 2 is:

Rt+1,k = β−1 U′(Ct)

[U′(Ct+1)]
=

Qt

Qt+1
, for k ≥ 2

we reach the upper bound on log returns: no log return is higher
than the one on zero coupon bonds
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Currency and Stochastic Discount Factors Arbitrage Across Borders

International Arbitrage

see Backus, Foresi and Telmer

the pound returns R∗
t on an asset satisfy:

1 = Et
[

M∗
t+1R∗

t+1

]

let St denote the dollar spot price of one pound

the dollar returns on this asset satisfy:

1 = Et

[

Mt+1
St+1

St
R∗

t+1

]

if pound assets and currencies are both traded, then we know that:

Et
[

M∗
t+1R∗

t+1

]

= Et

[

Mt+1
St+1

St
R∗

t+1

]
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International Arbitrage

Result

Consider stochastic process for the depreciation rate St+1/St, and returns on
dollar and pound assets (R∗

t , Rt), then there exists pricing kernels M for
dollars and M∗ for pounds that satisfy:

M∗
t+1

Mt+1
=

St+1

St
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Currency and Stochastic Discount Factors Arbitrage Across Borders

International Arbitrage

Proof.

Consider dollar returns, including the pound
returns converted into dollars. In the absence of arbitrage, there exists
Mt+1 that satisfies the pricing equation

1 = Et

[

Mt+1
St+1

St
R∗

t+1

]

If we choose
M∗

t+1

Mt+1
= St+1

St
, that automatically satisfies

Et

[

M∗
t+1R∗

t+1

]

= 1
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Currency and Stochastic Discount Factors International Correlation of SDF

CCAPM World

2 countries, 2 stand-in agents with power utility

each eats its endowment stream

SDF is given by Mi
t+1 = β

(

Ci
t+1

Ci
t

)−γ

real exchange rates St satisfy:

St+1/St =

(

C∗
t+1/C∗

t

)−γ

(Ct+1/Ct)
−γ

in log changes:

∆st+1 = −γ (∆c∗t+1 − ∆ct+1)
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Currency and Stochastic Discount Factors Correlation Puzzle

More Risk sharing than we think?

see Brandt, Cochrane and Santa Clara
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Exchange Rates are too smooth!

volatility (Brandt, Cochane and Santa Clara):

std (∆st+1) =
√

var
(

m∗
t+1

)

+ var (mt+1) − 2covar
(

m∗
t+1, mt+1

)

correlation:

ρ (m∗
t+1, mt+1) = 5̇ ×

var
(

m∗
t+1

)

+ var (mt+1) − var (st+1)

std (mt+1) std
(

m∗
t+1

)

where ρ denotes correlation

std
(

mUK
t+1

)

≥ 37% and std
(

mUS
t+1

)

≥ 39%
std (∆st+1) = 11%

implies ρ
(

m∗
t+1, mt+1

)

= .95

more risk sharing than you think!
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Currency and Stochastic Discount Factors Correlation Puzzle

CCAPM World

standard deviation of real exchange rate changes:

std (∆st+1) = γ
√

var
(

∆c∗t+1

)

+ var (∆ct+1) + 2cov
(

∆ct+1, ∆c∗t+1

)

example: symmetric, uncorrelated:

std (∆st+1) = γ
√

2std(∆ct+1)
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Currency and Stochastic Discount Factors LRR Model

Long-Run Risk in Currency Markets

change in exchange rate:

∆st+1 = − θ

ψ
∆(c∗t+1 − ct+1) + (θ − 1)

(

r∗w,t+1 − rw,t+1

)

the market return spread:

r∗w,t+1 − rw,t+1 =
1

ψ
(x∗t − xt) + δ

1 − (1/ψ)

1 − ρxδ

+(ǫx,t+1 − ǫ∗x,t+1) + (ǫc,t+1 − ǫ∗c,t+1)

to minimize volatility of ∆st+1: set corr(ǫx,t+1, ǫ∗x,t+1) = 1

still match std(mt+1) and std(m∗
t+1)

correlated long run risk
see Colacito and Croce
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http://www.unc.edu/~colacitr/Research/ColacitoCroce10.pdf


Long-Run Risk

changes in the exchange rate:

∆st+1 = − θ

ψ
∆(c∗t+1 − ct+1) + (θ − 1)

(

r∗w,t+1 − rw,t+1

)

the market return spread:

r∗w,t+1 − rw,t+1 =
1

ψ
(x∗t − xt) + δ

1 − (1/ψ)

1 − ρxδ

+(ǫx,t+1 − ǫ∗x,t+1) + (ǫc,t+1 − ǫ∗c,t+1)

long-run risk only matters if θ 6= 1

we need ψ > 1 to keep the volatility of returns down
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Forward Premium Puzzle Fama regressions

Forward Rates

a forward contract specifying at t the exchange Ft at t + 1 of one
pound and one dollar

cash flow Ft − St+1

forward contract has zero cost:

0 = Et[Mt+1 (Ft − St+1)]

dividing by St implies:

Ft

St
Et[Mt+1] = Et[Mt+1

St+1

St
] = Et[M

∗
t+1]

this implies that the forward premium:

ft − st = log EtM
∗
t+1 − log EtMt+1 = r

f
t − r

f ,∗
t
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Risk Premium

the forward premium can be decomposed into a risk premium (pt)
on a short forward position in the non-dollar currency and the
expected rate of depreciation (qt):

ft − st = (ft − Etst+1) + (Etst+1 − st)

= pt + qt

Fama’s regressions:

st+1 − st = a1 + a2(ft − st) + residual

note that:

a2 =
cov(q, p + q)

var(p + q)
=

cov(q, p) + var(q)

var(p + q)

for a2 < 0 we need cov(q, p) + var(q) < 0

Lustig (UCLA) 239c: SDF January 2008 41 / 51

Forward Premium Puzzle Fama regressions

Risk Premium

Forward Premium Regressions Currency

a1 a2 Std R2

British pound 0.0062 -1.840 0.03390 .0213
(0.0027) (0.847)

German mark 0.0033 -0.743 0.0340 0.0041
(0.0025) (0.805)

Japanese yen 0.0080 -1.711 0.0320 0.0230
(0.0024) (0.643)
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Forward Premium Puzzle Backus, Foresi and Telmer

Risk Premium

recall that:

ft − st = (ft − Etst+1) + (Etst+1 − st)

= pt + qt

log EtM
∗
t+1 − log EtMt+1 = pt + Et log M∗

t+1 − Et log Mt+1

so, we can back out the risk premium as:

pt = log EtM
∗
t+1 − log EtMt+1 − (Et log M∗

t+1 − Et log Mt+1)
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Risk Premium

use µit to denote the i − th central conditional moment of log M

then we can state:

log Et[Mt+1] =
∞

∑
j=1

κj,t/j!

where
κ1t = µ1t, κ2t = µ2t, κ3t = µ3t, κ4t = µ4t − 3µ2

2t

this implies that the risk premium can be stated as the difference
between the higher order cumulants:

pt =
∞

∑
j=2

κ∗j,t/j! −
∞

∑
j=2

κj,t/j!
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Forward Premium Puzzle Backus, Foresi and Telmer

Risk Premium

this risk premium in logs is determined by the difference between
the higher-order cumulants:

pt = κ∗−1,t − κ−1,t
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Result

We need strong negative correlation between differences in conditional means
and differences in higher order cumulants to replicate a2 < 0, and greater
variation in the latter
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Forward Premium Puzzle Backus, Foresi and Telmer

Lognormality

assume lognormality of M and M∗:

Et[Mt+1] = exp(µ1t + µ2t/2)

Et[M
∗
t+1] = exp(µ∗

1t + µ∗
2t/2)

then the conditional risk premium on shorting the foreign
currency is given by the half the spread in conditional variances:

pt = .5(µ∗
2,t − µ2,t)

qt = (µ∗
1,t − µ1,t)

Result

We need strong negative correlation between differences in conditional means
and differences in variances to replicate a2 < 0, and greater variation in the
latter
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Forward Premium Puzzle Different Approach

Expected Returns in levels

consider the US investor’s Euler equation:

Et

[

Mt+1R
long
t+1

]

= 1,

where Rt+1 denotes the dollar return on a long forward position in
pounds.

assume mt+1 and r∗t+1 are jointly, conditionally normal

in logs, the return is

r
long
t+1 = r

f ,∗
t + ∆st+1

then the log of the currency risk premium:

log EtR
long
t+1 − r

f
t = −Covt

(

mt+1, r
long
t+1

)

.
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Currency Risk Premia

Substitute the definition of the return :

log EtR
long
t+1 − r

f
t = −Covt (mt+1, ∆st+1) .

next, impose no arbitrage, to get:

log EtR
long
t+1 − r

f
t = −Covt (mt+1, m∗

t+1 − mt+1) .

this can be simplified to:

log EtR
long
t+1 − r

f
t = −Covt (mt+1, m∗

t+1) + µ2t

= σt[mt+1] (σt[mt+1] − ρt [mt+1, m∗
t+1] σt[m

∗
t+1])

where ρ denotes the correlation
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Forward Premium Puzzle Different Approach

Link with BFT Risk premia

using conditional log-normality:

log EtR
long
t+1 − r

f
t = Etr

long
t+1 − r

f
t + .5vart[r

long
t+1 ]

= −pt + .5vart[∆st+1]

note that the conditional variance of the log return is the condition
variance of the percentage changes in the exchange rate:

vart[rt+1] = vart[∆st+1] = µ∗
2t + µ2t − 2cov (mt+1, m∗

t+1)

this implies that:

log EtR
long
t+1 − r

f
t = −.5(µ∗

2t − µ2t) + .5 (µ∗
2t + µ2t − 2cov (mt+1, m∗

t+1))

= −Covt (mt+1, m∗
t+1) + µ2tX
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