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This first problem set is due Friday, January 23. You can work in groups of 4. It is sufficient

to hand in one problem set per group. You are encouraged to submit your matlab code together

with the write-up of your answers. This problem set examines the LRR model.

1. LRR Model Part I : Consider the aggregate consumption growth process specification of

Bansal and Yaron (2004), henceforth BY:

∆ct+1 = µ + xt + σtηt+1, (1)

xt+1 = ρxxt + ϕeσtet+1, (2)

σ2

t+1 = σ2 + ν1(σ
2

t − σ2) + wt+1, (3)

where (ηt, et, wt) are i.i.d. mean-zero, variance-one innovations. Consumption growth con-

tains a low-frequency component xt and is heteroscedastic, with conditional variance σ2
t .

These two state variables capture time-varying growth rates and time-varying economic un-

certainty.

Preferences The long-run risk literature works off the class of preferences due to Kreps

and Porteus (1978) and Epstein and Zin (1989, 1991). The equilibrium SDF can be stated

as a function of aggregate consumption growth and the market return:

Mt+1 = β
1−α

1−ρ

(

Ct+1

Ct

)

−ρ 1−α

1−ρ

R
ρ−α

1−ρ

t+1 (4)

You can proceed under the assumption that the log returns are generated exactly by this

equation:

rt+1 = κ0 + ∆ct+1 + wct+1 − κ1wct.

See the appendix for a derivation of the linearization coefficients.

∗
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(a) Wealth/Consumption Ratio: We conjecture that the log wealth-consumption ratio

is linear in the two states xt and σ2
t − σ̄2,

wct = A0 + A1xt + A2

(

σ2

t − σ2
)

.

Verify this conjecture from the Euler equation

Et[e
mt+1+rt+1] = 1 ⇔ Et [mt+1]+Et [rt+1]+

1

2
Vt [mt+1]+

1

2
Vt [rt+1]+Covt [mt+1, rt+1] = 0

(5)

Derive expressions for (A0, A1, A2). Following BY, we assume joint conditional normality

of consumption growth, x, and the variance of consumption growth. Use the following

notation to simplify the analysis: λm,η = −α, λm,e = α−ρ

1−ρ
B, λm,w = α−ρ

1−ρ
A2, and B =

A1ϕe.

(b) Calibration: We calibrate the long-run risk model choosing the benchmark parameter

values of Bansal and Yaron (2004). Since their model is calibrated at monthly frequency

but the data are quarterly, we work with a quarterly calibration instead. We use ρ = 2/3,

α = 10, and β = .996958 for preferences and µ = .0045, σ = .013531, ρx = .938314,

ϕe = .126371, ν1 = .961505, and σw = .39324 ∗ 10−5 for the cash-flow processes in

(1)-(3). Solve the (non-linear) system of equations and find the loadings of the state

variables in the log wealth-consumption ratio expression .

(c) Risk Premium: Derive an expression for the risk premium on the consumption claim

Et

[

re
t+1

]

and the risk-free rate rf
t . Evaluate at the calibrated parameter values.

(d) CS Decomposition: Derive the Campbell-Shiller Decomposition for the wealth/consumption

ratio (analytically):

wct =
κ0

κ1 − 1
+ ∆cH

t − ∆rH
t

Evaluate at the calibrated parameter values.

(e) Currency: Consider a symmetric 2-country version. Assume markets are complete.

Derive the expression for the log changes in the exchange rate. Assume that the in-

novations to x are perfectly correlated and assume that the temporary consumption

innovations have a correlation of .3. All other innovations are uncorrelated. Simulate

to compute the volatility of the changes in the real exchange rate.

2. LRR Part II : Price a claim to aggregate dividends, where the dividend process follows the

2



specification in Bansal and Yaron (2004):

∆dt+1 = µd + φxt + ϕdσtut+1 (6)

The shock ut is orthogonal to (η, e, w). This specification does not impose cointegration

between consumption and dividends. You can assume the log return on a claim to the

aggregate dividend is exactly equal to:

rm
t+1 = ∆dt+1 + pdt+1 + κm

0 − κm
1 pdt,

with coefficients

κm
1 =

eAm
0

eAm
0 − 1

> 1, and κm
0 = − log

(

eAm
0 − 1

)

+
eAm

0

eAm
0 − 1

Am
0

which depend on the long-run log price-dividend ratio Am
0 . We denote the return on financial

wealth by a superscript m.

(a) Price/Dividend Ratio: We conjecture, as we did for the wealth-consumption ratio,

that the log price dividend ratio is linear in the two state variables:

pdt = Am
0 + Am

1 xt + Am
2 (σ2

t − σ̄2).

Solve for the loadings following the same steps as before. Please use the following

notation: βm,e = Am
1 ϕe and βm,w = Am

2 .

(b) Equity Risk Premium: Derive the equity risk premium on the dividend claim Et

[

re,m
t+1

]

.

(c) CS Decomposition: Derive the Campbell-Shiller Decomposition for the dividend

claim.
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A Wealth/Consumption Ratio

For consistency with the timing of the budget constraint in the models that are to follow,

all returns in this paper are ex-dividend instead of cum-dividend. The return on a claim to

aggregate consumption, the total wealth return, is defined as

Rt+1 =
Wt+1

Wt − Ct

=
Ct+1

Ct

WCt+1

WCt − 1
.

In what follows, we use lower-case letters to denote natural logarithms. The notation wct

denotes the log wealth-consumption ratio

wct = wt − ct = log

(

Wt

Ct

)

,

where wealth is measured at the beginning of the period and the consumption flow is over the

ensuing period. Likewise cwt = −wct is the log consumption-wealth ratio. We start by using

the Campbell (1991) approximation of the log total wealth return around the long-run average

log wealth-consumption ratio A0. Because the return is ex-dividend, this log-linearization

delivers:

rt+1 = ∆ct+1 + wct+1 + κ0 − κ1wct, (7)

with linearization coefficients that are non-linear functions of the long-run log wealth-consumption

ratio A0

κ1 =
eA0

eA0 − 1
> 1 and κ0 = − log

(

eA0
− 1

)

+
eA0

eA0 − 1
A0. (8)

By iterating forward on equation (7), we arrive at an expression that links the log consumption-

wealth ratio at time t to expected future total wealth returns and consumption growth rates:

wct =
κ0

κ1 − 1
+ Et

[

H
∑

t=1

κ−j
1 ∆ct+j

]

− Et

[

H
∑

t=1

κ−j
1 rt+j

]

+ Et

[

κ−H
1 wct+H

]

. (9)

Because this expression holds both ex-ante and ex-post, one is allowed to add the expectation

sign on the right-hand side. Imposing the transversality condition as H → ∞ drops the last

term, and delivers the familiar Campbell-Shiller decomposition of the “price-dividend” ratio
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for the consumption claim, the wealth-consumption ratio:

wct =
κ0

κ1 − 1
+ Et

[

H
∑

t=1

κ−j
1 ∆ct+j

]

− Et

[

H
∑

t=1

κ−j
1 rt+j

]

=
κ0

κ1 − 1
+ ∆cH

t − rH
t . (10)

We denote the cash-flow component by ∆cH
t and the discount rate component by rH

t .
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